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Abstract 
Let cy = (zn m}i=l with 1 z, m 1 < 1, n = 1, 2,. . . , 
convergence of the rational ’ function pn _ 1 /q, 
be an arbitrary sequence of complex numbers. We study the 
which interpolates the Caratheodory function F(z) = l/ 
(27r)/~Q /(u - z) dp( t), u = e”, at (zn m, l/Z, ,}k= 1, where dp is a finite positive measure on the unit circle. We 
also consider the relations between pn 1 1 /q, and the orthogonal polynomials with respect to varying measures. 
Keywords: Orthogonal polynomials; Rational interpolation 
1. Introduction and notation 
Let dp be a finite positive Bore1 measure on the unit circle r := {z E @: 1 z 1 = 1) whose 
support consists of infinitely many points. Let 
1 
F(z) := &2VA 
U -2 
d@), u = e”. 
This is a Caratheodory function and it is analytic in 1 z 
arbitrary table a = (z, &, where k = 1,. . . , n, n E Ill and , 
I+1 
I z n,k 
orthonormal polynomials $n ,( z) = K~,,J~ + l l l , K, m > 0, w 7 9 
polynomials satisfying 
with Re F(O) > 0. Consider an 
I < 1. For each n, we define the 
ith respect to dp/ 1 w,(u) I 2, i.e., 
1 
/ 
2r 
u-‘+n,m(“> 
Wt) 
2r 0 I wn(“) I 2 
=o, j=o, l)..., m-l, 
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and 
1 d@) 
,/,iTl~n,m(U)12,w tuj12 =ly U=ei” 
n 
where w,(u) = II;,l(l - Z,,,u). The sequences {4n,m}E=0, ; = 1,. . . , are called orthonorma~ 
polynomials with respect to varying measures dp./ 1 w,(u> I . The purpose of this paper is to 
study the (n - 1, n) rational function which interpolates F at the points {z,,~, l/Z,,i]~~Z1, n E N. 
It is easy to verify that there is a rational function R, of the form pn_ Jq,, (p,_ 1 and q, are 
polynomials in z with deg pn_l G n - 1, deg qn G n) which interpolates F at the points (z,$_, 
of the nth row of (Y and {l/Z, J~‘!=i (cf. Section 2). We find out that the denominator for R, is 
closely connected to 4,,,(z). It is known that 4_(z) is closely related to problems concerned 
with orthogonal rational functions (see, for example, [1,3,9]). The asymptotic properties of $,,, 
which have been investigated extensively by some authors (see, for example, [6,8]), enable us to 
discuss the convergence of R,. 
The rational interpolation with free poles of functions of Markov-Stieltjes type has been 
studied by several authors (cf. [4,5,7]). More recently, the Newton-type rational interpolation 
for Caratheodory functions at {aJa=r, with I ai I < 1, has been considered (cf. [1,2]). We 
generalize their results into an arbitrary table cy. 
The main results are stated in Section 2, and their proofs are given in Section 3. 
2. Main results 
Let 
where t,(z) := ~,,,(z)/w,(z) and D( u, z) = u/(u -z); then it is easy to see that w,(z)$,(z) is 
a polynomial with degree less than or equal to it - 1 since t,(u) - t,(z) vanishes for u = Z. 
We now observe the connection between the (n - 1, n) rational interpolation and 4,,,(z). 
Theorem 1. Let P,_~(z> := t,b,(z>w,(z). Then P,,_J~~,~ intelpolates F(Z) at {Zz,,kY l/zn,kK=l in 
the following sense: 
4n,n(Z,,iNZn,i) -Pn&J = 0 (1) 
and 
hn( j+( &) --I( k.) =O, 
where i = 1, 2, . . . , n. Furthermore, u = e”, 
dp( t) ’ 
(2) 
(3) 
where U,(Z) := l-‘I~=,<z - z,,~). 
I2 Pan /Journal of Computational and Applied Mathematics 54 (1994) 371-376 373 
Remark 2. From (31, if $,Jz,+) = 0 for some k, then P~_~(z~,~) = 0. Thus we can define 
Pn-l(G,k) PA4 
&z,n(Zn,k) = zl$ (6,,,(z) * 
Also all the zeros of 4,,, lie in I z I < 1; so from (2) we have 
F L = Pn-l(l/‘n,i) 
i i ‘n,i ($n(l/fn,i) ’ i = 13..*,n* 
For the convergence theorem, we have the following theorem. 
Theorem 3. If lim, +mC~zl(l - 1 z,,~ 1) = 03, then 
PA4 
r!‘,“, 4,, (z) =F(z), 
locally uniformly in I z I > 1. 
If we have more information from (Y, then we can get the rate of convergence. Let @p(z) be a 
function defined in ( z I > 1 and I Q(z) I < 1 in ( z ( > 1. (Y is called uniformly distributed with 
respect to the function @(z> if 
WJZ) 1’n 
r!= u,(z) *l I = Q(z), 
locally uniformly in I z 1 > 1. For the rate of convergence, we have the following theorem. 
Theorem 4. Let (Y be uniformly distributed with respect o the function Q(z). Then, 
[ 
P,-l(Z) lb 
lim F(z) - +,,,(=) I = Q(z), n-m 
(4) 
(5) 
locally uniformly in ) z ) > 1. 
Remark 5. It is well known that if (Y is uniformly distributed with respect to the function Q(z), 
then lim n+mC:=r(l - I z,.i 1) = KJ (cf. [lo]). 
3. Proofs of theorems 
We need to introduce some notation. The *-transform P,*(z) of a polynomial P,< z) of 
degree n is defined as P,*(z) =tnPn(l/Z). 0 ne can check that I Pn*(z) ( = I P,(z) I for z E r. 
Before we give the proofs, we isolate some lemmas on which our proofs are based. 
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Lemma 6. For any polynomial q, with degree less than or equal to n, we have, for 1 z 1 + 1, 
4G) 1 “TD u 2 bl(4 
T,(z) =TG 0 ’ / ( )[ --- ’ 
where T,(z) := u,(z)/q,(z) and u = e”. 
Proof. We only have to check that, u = e”, 
1 2n 
-1 ( )[ 2T 0 
D u, z 1- s [,&A) dr*.(t) = 0. 
I 
Since the term in square brackets vanishes for z = U, then, u = e”, 
1 2n 
-1 ( )[ D ” ’ 
T,(z) 
27F 0 ’ - T,(u) 
- cL(4 d4t) 1 
1 2T 
=- 
/ ( )[ 2v 0 
Du,z l- 
1 2~ uQ,- I(U) A&4 =- 
/ 2Tr 0 %G4 Yzw 
G-w 
1 
/ 
2T hz,nw 
=- 
27r 0 
~n-1Qn-d4, w cuj, 2 ‘b-4) 
= &/ul-Q;- &+#L,,W ; “;‘;‘i 2 = 0, 
wn u 
where Qn_l is a polynomial with degree less than or equal to n - 1. 0 
The following weak-star convergence result 
gence of R,. 
Lemma 7 (cf. [6,81). If lim, +C;=&l - I z,,~ 1) = ~0, then 
plays an important role in the study of conver- 
Idu( +dp., n+w, 
in the weak-star topology. 
Proof of Theorem 1. From Lemma 6, setting q,(z) = 1, we have (3). Note that 
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which implies that u~,,,(u>/w,(u)u,(u) E L,(P). Therefore, u = e”, 
1 
- - 
I 
2T 1 ~~,,A4 
2r 0 z4 - = Y&+4&4 
dI-4 
is analytic in ( z 1 # 1 as a Cauchy-Stieltjes integral. From (31, we have (1) and (2). 0 
Proof of Theorem 3. From the definition of q,(z), we have, for 1 z ) # 1, 
F(z) _ &-l(Z) %(z) u c&&4 
4,,,(z) = 27.4, Jz) ,,‘“u -z WJU) dpw9 u = ei’* 
First note that, u = e”, 
Next, we claim that 
WI(z) 
Ecc &,(z) = O, 
375 
(6) 
(7) 
(8) 
locally uniformly in I z 1 > 1. We only need to prove that 
4(z) 
locally uniformly in I z I < 1. 
Since all zeros of 4,*,,(z) lie in I z I > 1, w,(z)/~,*,,( z) is analytic in I z I =G 1. Then, for 
u = eit 3 
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From Lemma 7, we know that w,(z)/c$,*,,(z) is bounded locally uniformly in I z I < 1. Note that 
un( z)/w,( z> is essentially a Blaschke product, thus 
%2(z) -= 
,‘ti W,(Z) OY 
locally uniformly in I z ) < 1, since lim, +,CG=,(l - ) z,,, 1) = ~0 (cf. [lo]). This implies the 
claim. Using (6)-(8) completes the proof of the theorem. 0 
Proof of Theorem 4. From (91, we know that u,$z>/~,J ) t is bounded locally uniformly in 
I z I > 1. Thus we have, from (41, 
locally uniformly in I z I > 1. Using (61, together with (7) and (lo), yields the theorem. 0 
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